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Abstract 

We study the Yang-Mills-Chern-Simons theory systematically in 
an effort to generalize the Coleman-Hill result to the non-Abelian case. 
We show that, while the Chern-Simons coefficient is in general gauge 
dependent in a non-Abelian theory, it takes on a physical meaning 
in the axial gauge. Using the non-Abelian Ward identities as well as 
the analyticity of the amplitudes in the momentum variables, we show 
that, in the axial gauge, the Chern-Simons coefficient does not receive 
any quantum correction beyond one loop. This allows us to deduce 
that the ratio ^jr- is unrenormalized, in a non-Abelian theory, beyond 
one loop in any infrared safe gauge. This is the appropriate general- 
ization of the Coleman-Hill result to non-Abelian theories. Various 
other interesting properties of the theory are also discussed. 
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1 Introduction: 



It is well known by now that in odd space-time dimensions, one can add a 
topological term to the Lagrangian density of a gauge field, in addition to 
the usual Yang-Mills (Maxwell) term. Such a term is known as the Chern- 
Simons term and a theory with a Chern-Simons term is conventionally called 
a Chern-Simons theory |[J ^) . In 2 + 1 dimensions, for example, the Chern- 
Simons term, in a SU(N) gauge theory, has the form 

Cos = j e^ x A«(d v A a x + 9 -f abc AlA c x ) 

where g represents the gauge coupling and f abc stand for the structure con- 
stants of the group. The parameter m is known as the Chern-Simons coeffi- 
cient (at the tree level) and has the dimensions of mass. In a theory, with a 
Yang-Mills term for the gauge fields, it can be shown that the Chern-Simons 
term provides a gauge invariant mass for the gauge fields. Such a mass term 
is absolutely crucial in the perturbative study of a pure Yang-Mills- Chern- 
Simons gauge theory, since without this term, the infrared divergences in 
2 + 1 dimensions are so severe that a perturbative expansion cannot be de- 
fined [il. 

The Chern-Simons term violates discrete symmetries like P and T (al- 
though it respects CPT). In a gauge theory with (matter) interactions which 
violate these symmetries, it is expected that a Chern-Simons term will be 
generated at the quantum level, even if one is not present at the tree level. 
Thus, for example, the mass term for a fermion, in 2 + 1 dimensions, is 
known to violate these symmetries and, correspondingly, it is known that 
a massive fermion interacting with gauge fields generates a Chern-Simons 
term at the one loop level 0. Surprisingly, however, it was noted, through 
explicit calculations, that even though a Chern-Simons term is generated 
at one loop, there is no radiative correction to the Chern-Simons coefficient 
at the two loop level, either in the Abelian or in the non-Abelian theory 
0, ||. This peculiarity was explained, for the Abelian theory, by Coleman 
and Hill, who showed that, in 2 + 1 dimensional QED with or without a 
tree level Chern-Simons term, the Chern-Simons coefficient does not receive 
any contribution beyond one loop at zero temperature 0. The proof of this 
result is quite elegant and essentially uses two key assumptions, namely, i) 
the Abelian Ward identity and, ii) the analyticity of the amplitudes in the 
momentum (energy-momentum) variables. This result holds, in an Abelian 
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theory, whenever these assumptions are valid, but not otherwise. 

While the Coleman-Hill result explains the peculiarity of the explicit two 
loop calculation in the Abelian theory, it says nothing about the outcome of 
the calculation in the non- Abelian theory. There are, in fact, several diffi- 
culties one faces in trying to extend the Coleman-Hill result to non-Abelian 
theories. First, unlike in an Abelian theory at zero temperature, without 
a tree level Chern-Simons term, infrared divergences may be too severe (as 
we have already mentioned). Second, even with a tree level Chern-Simons 
term in the non-Abelian theory, an arbitrary gauge choice may introduce 
spurious infrared divergences and, therefore, one must carefully choose an 
infrared safe gauge [7| (again, this is not a problem in the Abelian the- 
ory). Finally, in the non-Abelian theory, the Chern-Simons coefficient is, 
in general, gauge dependent (in an Abelian theory, this coefficient is gauge 
independent). Therefore, an attempt to naively generalize the Coleman-Hill 
result is meaningless. On the other hand, it is known that, in a non-Abelian 
theory, the ratio is gauge independent and has a physical significance. 
Consequently, it makes sense to try and show that it is this ratio which gets 
no contribution beyond one loop in a non-Abelian theory. 

In this paper, we show that this expectation, indeed, holds. In particular, 
we show, much like the Coleman-Hill result in the Abelian theory, that if, i) 
the Ward identities of the non-Abelian theory hold and, ii) the amplitudes are 
analytic in the momentum (energy-momentum) variables, then the ratio 
does not receive any quantum correction beyond one loop. The non-Abelian 
theory is clearly much more complicated than the Abelian counterpart and 
we prove our result by working in the axial gauge, which is an infrared safe 
gauge. It is, of course, known that the Ward identities in the axial gauge are 
much simpler, but we show that, in this gauge, the Chern-Simons coefficient 
takes on a physical significance, although it is gauge dependent in general. In 
fact, we show that the Chern-Simons coefficient, in the axial gauge, receives 
no quantum correction beyond one loop and this allows us to deduce that 
the ratio is unaffected beyond one loop. A brief account of our main 
result has already been published || and here we describe the details of our 
work along with many other interesting features of the analysis. 

The organization of our paper is as follows. In section 2, we analyze 
the Yang-Mills-Chern-Simons theory in a covariant gauge and show, using a 



Nielsen-like identity [B, ITU], that the Chern-Simons coefficient is, in general, 



gauge dependent. In section 3, we define the theory in the axial gauge and 
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discuss some of the special features of this gauge choice. From the Ward 
identities, in this gauge, we obtain a diagrammatic representation for the 
Chern-Simons coefficient, which is quite useful in an all order proof. We also 
show that, in this gauge, the Chern-Simons coefficient takes on a physical 
meaning and derive a Nielsen-like identity to show that it is independent 
of n M , the choice of direction in the axial gauge. In section 4, we explic- 
itly evaluate the Chern-Simons coefficient at one loop and show that it is 
independent of n M as is required from the Nielsen-like identity described in 
section 3. We compare our calculation with that in the Landau gauge |7j to 
bring out the gauge independent nature of the ratio . We also present an 
interpolating gauge that interpolates between the infrared safe Landau and 
axial gauges. In section 5 we prove the main result of our paper, namely that, 
with the assumptions of BRST invariance and analyticity of the amplitudes, 
the Chern-Simons coefficient has no quantum correction beyond one loop in 
the axial gauge. We deduce from this that, in any infrared safe gauge, the 
ratio ^p- receives no radiative correction beyond one loop. In section 6, we 
study the pure Chern-Simons theory (without a Yang-Mills term) and show 
that it has an additional vector supersymmetry in the axial gauge (much 
like the one in the Landau gauge). The Ward identities following from this, 
together with the usual Ward identities show that this is a free theory. We 
present a brief conclusion in section 7. 



2 Gauge Dependence: 

Let us consider the Yang-Mills-Chern-Simons theory in 2 + 1 dimensions 
described by the Lagrangian density 0, [7|, [TTJ, [T2], [T3|] 

dnv = \trF^F^ - mtve^A^Ax + ^A V A X ) (1) 

where we have chosen, for simplicity, the Chern-Simons mass m to be posi- 
tive. The gauge field belongs to a matrix representation of SU(N), 

A^ = A«T a 

with the generators of the group assumed to have the normalization 

tr T a T b = ~5 ab 
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and 

= d^Ay - d u A^ + g[A^ A v \. 

This is a self-interacting theory and one can, of course, add to it interacting 
matter fields. However, we would restrict ourselves, for simplicity, to the 
theory described by Eq. ([!]), which can be written with explicit internal 
symmetry indices as 

I 777 fl 

= —/^ a F% + -e^ x A«(d u A a x + y -f abc A b u A c x ) (2) 

The Lagrangian density, in Eq. ([!]), is invariant under the infinitesimal 
SU(N) gauge transformations of the form 

SAfj,(x) = D^e(x) = <9 M e(x) + g[A^, e] 

where e(x) is an infinitesimal matrix valued transformation parameter. On 
the other hand, under a finite gauge transformation 

A ll ^U- 1 A ll U--U- 1 d tl U 

the Lagrangian density changes by a total divergence (it is the Chern-Simons 
term that is not invariant), so that the action changes by a constant 



Sinn — J d 3 x Ci nv > Si nv H — — ItiW (3) 



where 



W = 

247T 2 



— / (Pxe^trU^dMU-idvUU^dxU (4) 

VK J 



is an integer, known as the winding number of the gauge transformation, and 
classifies the gauge transformations into topologically distinct classes. When 
the winding number vanishes, the gauge transformations are conventionally 
known as small gauge transformations, while non zero winding numbers lead 
to large gauge transformations. It is clear from Eq. (||) that under a small 
gauge transformation, the action is invariant, while, under a large gauge 
transformation, the action changes by a constant. In the path integral ap- 
proach, it is quite clear that even though there is a shift in the action under 
a large gauge transformation, the generating functional is invariant provided 

Anm 
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where n is a positive integer (because of our choice m > 0). 

It is well known that the coefficient of the Chern-Simons term (which is 
m in the tree level), in an Abelian theory, is a gauge independent quantity. 
It is related to the physically meaningful statistics parameter and, in fact, 
it is this coefficient which does not receive quantum corrections beyond one- 
loop (provided certain assumptions are valid) according to the Coleman-Hill 
result. In trying to extend this result to non- Abelian theories, one of the 
challenges we face, as mentioned in the introduction, is that the Chern- 
Simons coefficient is, in general, a gauge dependent quantity in a non- Abelian 
theory. This is best seen from the following analysis involving a Nielsen-like 
identity |, . 



Let us analyze the Chern-Simons theory in a general covariant gauge. 
Thus, adding a gauge fixing and ghost Lagrangian density of the form 

= ^F a F a - F a (d^ a ) + d' 1 c a D ll c a (6) 
we can write the total Lagrangian density, in this gauge, to be 

£ £-"iriv £gf £ghost (7) 

We note that we have introduced an auxiliary field, F a , to write the gauge 
fixing term, which helps close the algebra of the BRST charges off-shell. 
From the BRST identities for the theory, in this gauge, one knows that the 
gauge fixing parameter, £, is not renormalized so that we can parameterize 
the two point function of the full theory as 

ILWab ^ = 6 ab [ ^ p u _ ^u p 2 ) ( 1 _|_ n x (p) ) 

! (8) 
+ime" uX p x (l + n 2 (p)) - -p^p u } 

Here, Hi(p) and n 2 (p) represent, respectively, the radiative corrections to 
the parity conserving transverse part and the parity violating part of the two 
point function. It is worth noting from this that the Chern-Simons coefficient, 
at any order, can be obtained from the two point function as 



^ fe n 2 (o) = 5 ab (i + n 2 (o)) = £fiu\ ^-u^ ab ( P ) 

mm op\ 



(9) 

p=0 
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We note that it is mn 2 (0) which represents the complete Chern-Simons coef- 
ficient, with mn 2 (0) representing the part coming from quantum corrections. 
Let us also note here that, in this gauge, the tree level propagator for the 
gauge field has the form 



D (0)a b(p) = 5 , 



ab 



p2 _ m 2 



VjxVv 
p2 



(p2)2 



(10) 



To study the gauge dependence of the Chern-Simons coefficient, let us 
add to the Lagrangian the following source terms 



-'total 



c + c s 



(11) 



where 



= J^A^ + J a F a + i(rfc a - c a rj a ) + K^ a D^c a 



+L a (-\f abc c b c c ) + \uF a lf 



(12) 



Here, all the sources are the standard ones, introduced to derive and study 
BRST identities, except for the last term whose role would become clear 
shortly. 

We note that, under a BRST transformation {uj is a space-time indepen- 
dent anti-commuting parameter), 



UJ 



_~ f abc c b c c 
2 J 



5c a 

Se = -coF a 
5F a = 

the source terms are not invariant although C is. In fact, we obtain 

$ scm.rt 



UJ 



J^' a (D^c a ) - iff(--f ahc c b c c ) + %F a rf + -HF a F a 



(13) 



(14) 



Making a field redefinition inside the path integral which coincides with a 
BRST transformation, then, we obtain from the invariance of the generating 
functional 

Z = e iW = I VA a ^VF a Vc a Vc a e i -f' d3xCtotal 



the master identity 



dW 



J d 3 xd 3 y U^ a (x) 



5 2 W 
5K^ a (x)5H(y) 

5 2 W 

V a (x) 



vff[x) 



5 2 W 
SL a (x)5H(y) 



5J a (x)SH(y) 



(15) 



In other words, this identity allows us to study the gauge dependence of the 
effective action. 

We can now make a Legendre transformation (with respect to the usual 
sources J IJ,,a , J a ,rj a ,r] a ) and go to the effective action and the identity above 
takes the form 



5 2 r 



+ 



ST 



5 2 T 



x) SK^ a (x)SH(y) 5c a (x) 5L a (x)5H(y) 
5F a (x) 5T \ 



8H(y) Sc a (x) 



(16) 



This identity describes the gauge dependence of the effective action and we 
can derive the gauge dependence of any 1PI amplitude from this. In partic- 
ular, we note that (see Eq. flj^)) 



<9n 2 (o) 



5 2 T 



1 



Qim(N 2 - 1) 
d 



d__d 

'-""dtdpeSAMSAK-p) 



p=0 



6 im (N 2 



-fiup 



dp p 



5 3 T 



5 2 T 



6A a M8A a v (-p)5A b x {Q)8K^ h {<d)5H{Q) 



5 2 T 



5 3 T 



5A-(p)5A b x (-p) 5Ai(-p)5K^{p)5H(0) 



5 2 T 



5 3 T 



5A a u ( -p) 5A\ (p) 5A° M (p)5K x ' b (—p)5H(0) 



(17) 



p=0 



Here, we are supposed to also understand that all fields are set to zero after 
evaluating the functional derivatives. 

There are several things to note from this. First, there are no tree level 
mixing terms of the forms K^' a H, K^' a A b v H so that the gauge dependence of 
the Chern-Simons coefficient can only arise from radiative corrections. One 
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Figure 1: One loop diagrams that can lead to a mixing of the sources. The 
wavy lines represent gauge fields, the solid line, the auxiliary field F a , and 
the dashed lines stand for ghosts. 



can explicitly check at one loop level and argue from symmetry arguments 
that radiative corrections cannot generate a vertex of the form K^ ,a H (for 
such a vertex, the colour index cannot be saturated). Consequently, the first 
term on the right hand side of Eq. (|17D does not contribute. At one loop, 
a vertex of the form K tJ- ' a (p)A b J (~ p)H(0) is already generated (see Fig. 1). 
Therefore, let us parameterize such a vertex as, 



5 3 T 



5K^ a (p)5A b / (-p)5H(0) 
Substituting this into the identity (fi7|), we obtain 

<9TI 2 (0) 



= 5 ab [s;A(p) + p^B(p) + ie» x Px C(p)} (18) 



2(l + n 2 (0))A(0) (19) 



The right hand side can be evaluated order by order and, in general, is not 
zero showing that the Chern-Simons coefficient, in a non-Abelian theory is, 
in general, gauge dependent. We also note that A(0) is obtained from the 
vertex K^' a A\,H with all external momenta equal to zero. Consequently, 
this has severe infrared divergences and unless an infrared safe gauge, like 
the Landau gauge, is chosen, the identities cannot even be satisfied. 



3 Axial gauge: 

In the previous section, we saw that the Chern-Simons coefficient is, in gen- 
eral, gauge dependent. Therefore, this naturally raises the question as to 
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whether the Coleman-Hill result can even be meaningfully generalized to 
non-Abelian theories and if so, in what manner. In this section, we will 
show that, in the axial gauge, the Chern-Simons coefficient has a physical 
significance and, therefore, this is possibly the appropriate gauge in which to 
consider a generalization of the Coleman-Hill analysis. 

Let us consider a general axial gauge |T^] described by a gauge fixing and 
ghost Lagrangian density of the form 



£ 9 f + £ 



ghost 



(20) 



Here, n M represents an arbitrary direction. The theory described by 

£ = ^imi ~l" f-^gf ~l" £ghost (^1) 

is infrared divergent in 2 + 1 dimensions, unless £ = and we will study 
the theory in such a limiting gauge. For £ = 0, n 2 = n^n^ = defines the 
light-cone gauge, while n 2 > leads to the time-like axial gauge and so on. 

The tree level propagator of the gauge field for an arbitrary gauge fixing 
parameter £ is given by 



Sab 



p2 _ m 2 



+ ~ \~n + wie^A 



(n-p) 
(n • p) 2 



(n ■ pY 



n ■ p) 



(22) 



From this, we obtain the tree level propagator, in the axial gauge (£ = 0), to 
be 



ab 



p2 _ m 2 



n^Pu + riuPf, rfp^pv . 

Vnv — r - ^ + t — Y2 + im€ ^\- 



(n ■ p) (n ■ p) 2 (n ■ p) 

which can be trivially checked to be transverse to n M , namely, 



»D^ ab (p) = = D^ b (p) 



n 



(23) 



(24) 



This observation is quite significant as we will see shortly. 
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Figure 2: Diagrams, which can contribute to the ghost self-energy, vanish 
because of Eq. (24). 



Let us note that the theory described by Eq. (|2l|) is also invariant under 
the BRST transformations of Eq. (O). Thus, one can derive, as usual (by 



adding sources as in Eq. (|12 ) except for the last source), the BRST identities 



for the theory, which are derived from the master identity 

d 3 x[ —-^— , , - f . : rr . r +F a {x W- = 25 

The master identity is the same as in any other gauge. However, the con- 
straints following from them, in the axial gauge, are much simpler than, say 
in a covariant gauge. For example, looking at the structure of the ghost La- 
grangian in Eq. (EH), we note that, in the axial gauge, the vertex describing 
the coupling of the ghosts to the gluons is proportional to n M . Combined 
with Eq. Q2"3|), this, then, implies that, in the axial gauge, the ghost two 
point function does not receive any quantum correction. As a result, in this 
gauge, the ghost wave function renormalization is trivial, 

^3 = 1 (26) 

Similarly, it also follows that, in this gauge, the ghost-gluon interaction vertex 
is not renormalized, leading to 

Zi = 1 (27) 

As a result, the standard relation following from the master identity in Eq. 
(|25|), in a non-Abelian gauge theory, takes the simple form 



(28) 





Z x 


Zz 


z 3 


or, Z x 


= z 3 
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K 



\l,a 



K 



K 





Figure 3: Diagrams, which can lead to the renormalization of the K^' a c a 
vertex, vanish because of Eq. (24). 



Here, we have denoted the wave function and the vertex renormalizations 
for the gauge field by Z3 and Z\ respectively. This relation is reminiscent of 
the Ward identity in an Abelian theory. Thus, in the axial gauge, the Ward 
identities are simpler, much like in the Abelian theory. However, the non- 
Abelian interactions still make the structure of any amplitude much more 
complex and rich. 

Just as we see that the ghost wave function as well as the ghost vertex 
renormalizations are trivial in the axial gauge, it is equally straightforward to 
show that the source terms with composite variations are not renormalized 
in the axial gauge either (namely, vertices involving the sources K^' a and L a 
receive no quantum correction). As a result, the Ward identities following 
from the master identity in Eq. (p^) take a much simpler form in the axial 
gauge. For example, it follows from Eq. (^) that, for n > 2, 



5 2 T 



5A%( Pl ) ■ ••6A%z\(p n -i)6A* a ( Pn ) 5K^(-p n )5c^{p n ) 

U J P 6A% (pO • • • (pi-i)6A%* ( Pi+1 ) ■ ■ ■ 5A^ (p) 

5 3 T 



x 
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Recalling that the vertices with the sources K^ ,a do not get any quantum 
correction, this identity can also be rewritten in the simple form 



Pn^n 1 - 01— On \yl 



■,Pn) 



^E?=t r^^-^-.^-Mi ■ ■ ■ >Pi-l,Pi + Pn,Pi + l, ■ ■ ■ ,Pn-l) (29) 

This is clearly a much simpler identity, relating successive vertex functions, 
than the identities one obtains, for example, in a covariant gauge. Further- 
more, let us note that taking the derivative with respect to p n and setting 
p n = in Eq. we obtain 



r^ : ( Pl ,---,Pn-i,o) = 

■?'/-> V n_1 f aa ' a " 8 pm ■■■m„,_i l n . . . r> ^ 

l !J Z^i= 1 J dp . un 1 ai-a l _iaa i+ i-a n _ilFl' iPn-lj 



(30) 



The two point function in the full theory, in a generalized axial gauge 
(£ 7^ 0), can be parameterized, consistent with the BRST identities, as 



n 



fiv,ab 



(P) 



ab 



[rf u - p»p v ) (1 + n a (p)) + ime^ x p x (l + U 2 {p)) 



HP" - P-rW - P-HMP) - ~Xn v 
(n -p) (n-p) 4 



(31) 



The self-energy (which, by definition, is the two point function without the 
tree level terms) is clearly transverse with respect to momentum. Let us 
note that relation (|3l|) must hold for both parity conserving as well as parity 
violating parts of the amplitudes separately. Thus, looking at the parity 
violating part of the three point amplitude, we obtain, (Note that we have 
identified T^ ab = W u ' ab .) 



£\iv\*- abc 



or, r bc (i + n 2 (o)) 



igf db < 







6im 
1 

6mg 



dp x 

fdbc^ 
J <^A 



p=0 



i f) 

«">' . 1 V"''''"(p) 



dpx 



p=0 



c^rjs? -(0,0,0) 



(32) 



This relation is quite crucial in that it relates the Chern-Simons coefficient 
in the axial gauge, at any order, to the parity violating part of the three 
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gluon vertex (with vanishing momenta) at the same order. Thus, one can 
give a diagrammatic representation for the Chern-Simons coefficient in the 
axial gauge, which is very convenient for studying an all order proof of the 
generalization of the Coleman-Hill result to non-Abelian theories. It is also 
clear from this identification that the choice of an infrared safe gauge is crucial 
because the Chern-Simons coefficient is related to the three gluon amplitude 
with all external momenta vanishing. 

In a non-Abelian Chern-Simons theory, as we have argued earlier, the 
ratio ^p- represents a physical quantity. This is known to be true from the 
following facts, namely, in the leading order in — expansion, i) it is this ratio 



9 2 



(33) 



which determines the dimensionality of the Chern-Simons Hilbert space |15 
and ii) this ratio is related to the coefficient of the WZWN action which 
represents the central charge of the corresponding current algebra ||16|| . It 
is also this ratio (see Eq. (|5|)) which needs to be quantized for large gauge 
invariance of the theory. In the full quantum theory, however, this ratio 
changes as 

Anm /4irm\ / Z 3 \ 2 ( 4nm\ 

V 9 2 Aen" m \Zj { g 2 J 

where Z 3 and Z\ are the wave function and the vertex renormalization con- 
stants for the gauge field (as we have defined earlier), while Z m represents 
the renormalization of the Chern-Simons coefficient. By definition, of course, 
Z m = (1 + I1 2 (0)) and since in the axial gauge we have Z\ = Z 3 (see Eq. 
(|28|)), it follows that 

Since this is a physical quantity, it follows that, in the axial gauge, the 
induced Chern-Simons coefficient takes on a physical meaning. 

In fact, let us next show that this expectation is indeed true and that the 
Chern-Simons coefficient is independent of in the axial gauge. To prove 
this, let us add to our Lagrangian density the following source terms. 

Csource = J^A" + J a F" + i(^C° - C<V) + K^D^ 

+L a {-^f abc c b c c ) + H^Al (35) 

Thus, defining 

^■total £ ~\~ ^source 
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we note that, under a BRST transformation (see Eq. flTBD), 



& £ total — u 



1 cabc„b„c\ , -™ o , , ,„ d^toU 



J^ a (D^c a ) - zrf ( — f abc c b c c ) + iF a rf + H"- 



(36) 



Thus, as before, making a field redefinition inside the path integral, which 
coincides with a BRST transformation, we can derive the equation which 
describes how the effective action changes with n M . Let us simply note the 
result here, 



dY 



d 3 P 



ST 



5 2 r 



+ 



5F a (p) 5T 



5A a u ( -p) 5K u < a (p)5Hv(-p) 5 Hp (p) Sc a ( -p) 
5T 5 2 T 



5c a (-p) 5L a (p)5H^{-p) 
This is the master identity from which we obtain, 



(37) 



d 
dnP 



5 3 T 



5 4 r 



5 2 r 



M v A / pi,p 2 ,P3=0 

5 3 T 5 3 T 



5A%6A b v 5A c x 5Ai 6K°< d 6HP 



+ permutations (38) 



Pl,P2,P3=0 



where the restriction on the right hand side stands for setting all the field 
variables as well as momenta equal to zero. 



K 



\l,a 



Figure 4: Diagram representing the possible mixing of the sources K** ,a and 
H v . The bold wavy line represents the complete gauge field propagator. The 
diagram vanishes because of color identities. 

It is easy to see that, to all orders in the quantum theory, we cannot 
have a vertex of the form RP ,a H u . In fact, let us recall that in the axial 
gauge the ghost propagator as well as the ghost vertex do not renormalize. 
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Similarly, just as we noted that the vertices involving the source K^ ,a do 
not renormalize, we can also show that the vertex involving does not 
renormalize in the quantum theory either. It follows from this that the only 
diagram that can give rise to a mixing of the sources K fl,a and H u is as 
shown in Fig. 4. From the fact that the vertex K^' a A b c c is anti-symmetric 
in the internal indices while the vertex H^Alc b and the gauge propagator 
are symmetric in the internal symmetry indices, it follows that this diagram 
vanishes. (Alternately, such a vertex, if it existed, would involve a single 
internal index, which is impossible to construct from the structures present 
in the theory.) 





Figure 5: Diagrams contributing to a vertex of the type H v A\. The sum 
of the two diagrams vanishes. 

Let us next analyze if a vertex of the form K^ a H u A\ can be generated in 
the quantum theory. To that extent, let us note the following simple identity 
in the axial gauge. 

—D{-p) = l -D(-p)r»(-p,0,p)D(-p) (39) 
dp^ g 

where we have represented the ghost propagator by D and the ghost vertex 
by T without the internal symmetry indices (remember that these do not 
receive any quantum correction and, therefore, coincide with their tree level 
forms.), namely, 

~ ~ fi ab 

iD ab (p) = i5 ab D{p) = - 

{n -p) 
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f^ abc (-p,0,p) = r bc f»(-p,0,p)=gf abc n» 

The identity, in Eq. (p9|), is reminiscent of the Abelian identity involving 
fermion lines, namely, it says that differentiating the ghost propagator is 
equivalent to introducing a photon line with zero momentum. Using these, 
as well as the fact that the vertices involving a K fl,a or a do not renor- 
malize, we note that the only diagrams which can generate a vertex of the 
type K fl,a H u A b x are as shown in Fig. 5. Evaluating these at zero external 
momenta, we obtain 



From Eq. 



d 3 p [r' a "D{-p)D^(p)T^ X b (jp, -p, 0)D b :,f(p) 

+r v f"^(-p)f A (-p ) o 1 #(-p)<'(p) 

we note that we can write 



£#(p)r£#(p, -p, o)d%(p) = i 9 r c -^-D%{v) 



d 



(40) 



(41) 



Using this, as well as Eq. (|39|), the contribution of Fig. 5 in Eq. fl40|) can be 
simplified as 



d 3 p 



r' a "D{-p){igf 



dba" 



d£(p) 



dp 



d_ 

"dpx 



+r' a "f a " bb '(-i9)(^D(-p))Di b '{p) 



• jaa'a" jdba" 





d_ 

dp x 



d 3 p^-(D(-p)D d ;:(p)) 



(42) 



In other words, a vertex of the kind K^' a H u A\ is not generated in the full 
quantum theory. It follows now that, in such a case, Eq. (j38| ) leads to 



d 
dn p 



S 3 T 



5A a u 5A b u 5A c x 

fl V A / p 1 ,p 2 ,P3=0 







(43) 



Namely, the Chern-Simons coefficient is independent of the choice of n p as 
was stated. This is consistent with our observation that the Chern-Simons 
coefficient takes on a physical meaning in the axial gauge. 
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4 One-loop calculation: 



In this section, let us check explicitly, at the one loop level, that the Chern- 
Simons coefficient is independent of n M as was shown from general arguments, 
in the previous section. Let us recall that the Chern-Simons coefficient, in 
the axial gauge, can be related to the parity violating part of the three gluon 
amplitude with all external momenta vanishing. At one loop level, there 
are two such diagrams that would contribute to the Chern-Simons coefficient 
- one is the triangle graph and the other involving the quartic interaction 
vertex as shown in Figs. 6a and 6b. Let us first look at the simpler of the 
two graphs, namely, the one involving the quartic interaction vertex. The 
contribution coming from this diagram (contracted with e^x) can be written 
as 

jabc _ f d3 P D (0)&V/ x F ((WV/„ ^ 

(66) J (2n) 3 M ' a'a"a W Pi U J 



(27T)* 

x«' c '(rirff VA fe-P,o,o) 



= ^ A / ^/^(^^v(p))r^V-p.o,o) 

= %9 !Wflk (^^(p)r^ A (p, ~P, 0, 0)) = (44) 

Here, we have used Eq. (ffl|) as well as the fact the the tree level four point 
vertex is independent of momenta and hence can be taken inside the differ- 
entiation. This shows that, of the two diagrams that can possibly contribute 
to the Chern-Simons term at one loop, the one with the quartic interaction 
vertex vanishes. As we will see later, this property generalizes in a simple 
manner to higher loops. 

This analysis shows that the entire contribution, at one-loop level, to the 
Chern-Simons coefficient would come from the triangle diagram in Fig. 6a. 
The triangle diagram can be simplified slightly by the use of the identity (f4T|), 
but the evaluation is tedious and leads to the contribution (when contracted 
with e^x) 



jabc 
J (6o) 



+ 




Ylim 



(p 2 — m 2 ) 2 
5imn. 



m 2 ){n ■ p) 
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(a) (b) 

Figure 6: Diagrams which can contribute to the Chern-Simons coefficient at 
one loop. 

Airn?n^ 8im 5 n fl 



(p 2 — m 2 ) 2 {n ■ p) (p 2 — m 2 ) 3 (n ■ p) 



3 rabc 



-Ng A r 



d 3 p Ylim 



(2tt) 3 (p 2 - m 2 ) 2 



-%r c (4) = ^?r k (45) 



Air/ An 
It follows now from Eq. (|32| ) that, at one-loop, 

Alternately, the shift in the tree level Chern-Simons coefficient, due to one- 
loop effects, is 

mn i o ) (0) = —N (47) 
Arc 

There are several things to note from this calculation. First, we see explicitly 
that the one-loop Chern-Simons coefficient is independent of n M , consistent 
with the proof of the earlier section. Second, since the wave function and the 
vertex renormalizations for the gauge field are identical in the axial gauge 
(see Eqs. ( p8|) and (0)), in this gauge, at one loop, 

( '47rm\ 477777, „ T . 

N (48) 



I 9 2 J, 



g 2 



In other words, this ratio shifts by iV (of SU (N)) at one loop. This is exactly 
what was also found from a calculation in the covariant Landau gauge 0, 
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which re-confirms that this is indeed a gauge independent quantity. From an 
algebraic point of view, one can give a meaning to the one-loop shift of the 
Chern-Simons coefficient as the product of the spin with the dual Coxeter 
number of the group |L6|, [IT] . 

Let us note here that, in general, if we choose a general gauge fixing of 
the kind 

1 



C gf = --(AM«) 2 



r --^ (49) 

then, the tree level propagator for the gauge field, in this gauge, can be 
determined to be (A^ is assumed to be independent of the gauge field.) 



D^ ab (p) 



p 



77T 



(p-A(p)) (p-A(-p)) 



PjjPuMp) -A(-p) 
(P-A(p))(p- A(-pj) 



A x (-p) 
(p ■ A(-p)) 



(p- A(p))(p- A(-p)) 
The covariant gauge propagator would follow from this with the choice 



(50) 



A"(p) = - 



ip^ 1 

7! 



while the propagator in the general axial gauge would follow from the choice 



A"(p) 



nr 



But, in fact, we can have more interesting gauge choices with 

A»(p) = --^=(iPp» + (l-(3)n») 



(51) 



Here (3 is an arbitrary parameter and we note that such a choice of gauge 
allows us to interpolate between the covariant and the axial gauges. Namely, 
when /3 — 1, we have the covariant gauge, whereas for (3 = 0, we have the 
general axial gauge. The tree level propagator, in this interpolating gauge 
takes the form 



P 



77T 



P)n v ) 



{t(3p 2 + (l-P)(n-p)) 
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PujiftPn ~ (1 ~ P)n v ) 
(iPp 2 -(l-P)(n-p)) 

PvPvjiPp + (1 - P)n) ■ (0p - (1 - /3)n) 
(if3f + (1 - P)(n ■ p))(i(3p 2 - (1 - P)(n ■ p)) 

(i(3p x - (1 - (3)n x ) 



+ime fU ,x 



(iPf - (1 - P))(n ■ p)) 



(ipp 2 + (l-p)(n- p))(iPp 2 - (1 - /?) (n • p)) 



(52) 



For £ = 0, this provides an infrared safe gauge, which interpolates between 
the Landau gauge and the axial gauge. We note that, following earlier dis- 
cussions, we can write an identity which will describe the P dependence of 
various amplitudes. Thus, adding a source Lagrangian density of the form, 

Csource = A« + J a F a + i(rf c a - c a V a ) + K* a (D ^c a ) 



1 

2 



+L a ( — f abc c b c c ) + H{d»c a - n»c a )Al 



we can derive the master identity describing the P dependence of the effective 
action to be of the form, 

ST 5 2 T 5T 5 2 T 

+ 



(53) 



x) 5K^ a (x)5H(y) 5c a (x) 5L a (x)5H(y) 

SF a (x) 5T \ 
5H{y) 5c a {x) J 



While we have not done this, we believe that it is possible to show from this 
that the ratio is independent of P, as has been explicitly seen from the 
one loop calculation. 



5 Proof of the main result: 

In this section, we will argue that, in the axial gauge, the Chern-Simons coef- 
ficient receives no contribution beyond one loop, when the small gauge Ward 
identities hold and the amplitudes are analytic in the momentum variables. 
This, therefore, would be the generalization of the Coleman-Hill result to 
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non-Abelian gauge theories. It will follow from this result that the ratio 
has no quantum correction beyond one loop in any gauge. 

To simplify our proof, let us employ a compact notation where we treat 
the amplitudes as matrices in the Lorentz and internal symmetry space. 
Thus, we define EE, D, T x and T uX to represent respectively the complete 
two point function, the propagator, the three point and the four point vertex 
functions for the gauge fields. In this notation, then, we have 

TID = -1 (54) 

and, furthermore, when the momentum associated with the free index van- 
ishes, we can obtain, using this, from Eq. (|5ID 

T A = igd x Yi 

or, DY X D = igD(d x U)D = igd x D (55) 

Here and in what follows, d x represents the derivative with respect to the 
appropriate momentum and we have ignored writing out the explicit internal 
indices for simplicity. (Namely, the internal symmetry factors simply come 
out of the integrals and are not relevant to our proof as will become evident 
shortly.) We recognize Eq. ( |55| ) as the relation in Eq. ( |4TD in our compact 
notation. 

In analyzing the higher loop contributions to the Chern-Simons coeffi- 
cient, let us note that there are two possible classes of diagrams which are of 
interest and are shown in Figs. 7 and 8. Let us look at the class of diagrams 
in Figs. 7a and 7b with all external momenta vanishing. Here the hatched 
vertices and the bold internal lines represent respectively the three point 
vertices and the propagators, which include all the corrections up to n-loop 
order, with n = 0, 1,2, The cross-hatched vertex, on the other hand, 
includes all the corrections up to (n + l)-loop order, starting from one- loop 
(namely, it does not contain the tree level term). Similarly, the cross-hatched 
loop in the internal propagator stands for the self-energy, which includes all 
the corrections up to (n + l)-loops (by definition, the self-energy does not 
contain the tree level two point function). We will put an overline, on these 
two factors, just to emphasize that they do not contain the tree level contri- 
bution. It is clear now that, by construction, the diagrams in Figs. 7a and 
7b lead to contributions only at two loops and higher. Furthermore, from 
the definition given above, we can write, in the notation described earlier 

T A = igd x U (56) 



22 



(b) 



Figure 7: A class of diagrams that can contribute to higher order corrections 
of the Chern-Simons coefficient in the axial gauge. The hatched vertices 
and the bold internal lines represent respectively the three point vertices and 
the propagators which include all the corrections up to n-loop order. The 
cross-hatched vertex and the cross-hatched blob (self-energy) in the internal 
propagator, include all the corrections up to (n + l)-loop order. 




Figure 8: Second class of diagrams that can contribute to higher order correc- 
tions of the Chern-Simons coefficient in the axial gauge. Here, the diagram 
involves vertices and propagators of the full theory. 

The contributions from the diagrams in Figs. 7a and 7b, when contracted 
with e M j,A, would yield a part of the (n + 2)-loop corrections to the Chern- 
Simons term and takes the form 



-0+2) _ 
(7a) + (76) - 



= -i g 6 Tr 
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-i g 3 Tr J d 3 q e^ x d x (d^Dd v UDU) + cyclic 



(57) 



for all n = 0, 1, 2, • • •, where the superscript (n + 1) stands for the order of 
the terms in the expression. Here, "Tr" denotes trace over the matrix indices 
in the Lorentz space and we have used the identities in Eqs. (j54|)-(|56|) in 
deriving Eq. (0). (There are also matrix indices associated with internal 
symmetry and these are not traced, but it is clear that they are not relevant 
for our argument.) We note that, because of the e tensor, the factor inside 
the divergence in the integrand picks out only parity violating terms in the 
amplitude, which converge sufficiently rapidly to zero as q — > oo. This shows 
that all the higher loop contributions to the Chern-Simons coefficient, coming 
from the class of diagrams in Figs. 7a and 7b, vanish. 

We can, similarly, show that all the contributions, to the Chern-Simons 
coefficient, coming from the class of diagrams in Fig. 8 identically vanish. 
We have already seen it explicitly in our one-loop calculation in the previous 
section. Here, we show that it is true for this class of diagrams at any loop. 
Let us note that, from the identities in Eq. (j3l"l), we can also express the four 
point function with two external momenta vanishing, in terms of the three 
point vertex with one external momentum vanishing in the compact form as 
(all momenta are incoming) 



r /X (q,-q;0,0)=ig 



JLr»(q,-q';q-q' 
dqx 



igd x T u (58) 



where, again, we have suppressed the internal indices and we follow the 
convention that the momenta associated with the indices u, A of the four point 
vertex as well as that associated with the index v of the three point vertex 
vanish. Written out explicitly, the right hand side of Eq. ([58]) would involve 
two terms with different distributions of the internal symmetry indices, as is 
clear from Eq. (|5T]) . However, as we have emphasized earlier, the internal 
symmetry factors are not very relevant to the proof of our result. 

With these, let us look at the class of graphs in Fig. 8, with all external 
momenta vanishing. As opposed to the diagrams in Fig. 7a and 7b, here all 
the vertices and the propagators include corrections to all orders (namely, 
they are the full vertices and propagators of the theory). With the use of 
Eqs. (^5|) and (|58|) , the contraction of e^ u \ with the amplitude in Fig. yields 

/(8) = Tr J d 3 qe^ v \DT^DT vX = -g 2 Tr J d 3 qe^ x d»Dd x T» 



24 



= -g 2 Ti J d 3 qd» (e^DfrV") = (59) 

Once again, the integrand in Eq. (|59| ) is sufficiently convergent (because it 
involves only the parity violating parts of the amplitude) so that the integral 
vanishes. 

Since these are all the diagrams that can contribute to the higher loop 
corrections of the Chern-Simons coefficient, we have shown that, in a Yang- 
Mills-Chern-Simons theory, the Chern-Simons coefficient, in the axial gauge, 
does not receive any correction beyond the one loop order. In other words, 
much like the proof in the Abelian theory, we have used the non-Abelian 
Ward identities in the axial gauge, together with the analyticity of the am- 
plitudes in momentum space, to show that the Chern-Simons coefficient has 
no quantum correction beyond one-loop in this gauge. (We have explicitly 
checked that, in the axial gauge, the two loop corrections of the Chern-Simons 
coefficient do add up to zero.) In theories where these assumptions are valid, 
we will expect our proof to hold true. On the other hand, if either of these 
assumptions is violated, the proof is expected to break down, which is quite 
similar to the case in the Abelian theory. Thus, for example, in an Abelian 
theory with charged massless particles, infrared divergences invalidate the 
second assumption ||18|| . Similarly, at finite temperature, it is known that 



the amplitudes are non-analytic in the energy-momentum variables ITUJ and, 
consequently, the Coleman-Hill result is known to be violated in this case 



It is worth discussing the implications of this result in some detail. After 
all, we have already argued, in section 2, that the Chern-Simons coefficient 
is, in general, gauge dependent. Therefore, even if it has no higher loop cor- 
rections in the axial gauge, this may not hold in other gauges. For example, 
in references PU| , the non-abelian Chern-Simons theory was investigated 
by the use of gauge invariant regularizations in covariant gauges, and was 
argued that the higher order radiative corrections are finite. Let us note 
here that (see Eq. (|34|) and the discussion there), since the Chern-Simons 
coefficient does not receive any higher loop correction in the axial gauge, it 
implies that, in this gauge, the ratio also does not receive any higher loop 
correction. On the other hand, as we have argued, this ratio is a gauge inde- 
pendent quantity. Consequently, our result can also be understood as saying 
that, in any infrared safe gauge, the ratio does not receive any contribu- 
tion beyond one loop. This, in fact, is the appropriate generalization of the 
Coleman-Hill result to non-Abelian theories. In particular, we note from Eq. 
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that, since in a non-axial type gauge such as the Landau gauge, Z\ ^ Z$, 
in such gauges, the Chern-Simons coefficient (Z m ) will be corrected at higher 
loops, but in such a way that the ratio ^p- is unrenormalized beyond one 
loop. 

Such a result has, of course, been expected and predicted || [jj. In fact, 
there is a plausibility argument for this, based on large gauge invariance of 
the theory in the following way. The only dimensionless ratio, in this theory, 

2 

is 4^ where Air is a simple normalization. Therefore, one can use this as a 
perturbation parameter and write 

with ao(N) = 1 and, as we have seen, ai(N) = N. On the other hand, 
the invariance of the Chern-Simons theory under large gauge transformations 
requires that this ratio be quantized (see Eq. (H)), both in the bare as well as 
in the renormalized theory (they don't have to be the same positive integer). 
Clearly, this is possible for arbitrary integers and colour factors, only if the 
series, on the right hand side of Eq. ( |60| ) terminates after the second term, 
namely, only if there is no contribution in Eq. fl60"D beyond one loop. Our 
proof explicitly verifies that this expectation is, indeed, true. However, it is 
important to recognize that our proof uses constraints coming only from the 
behaviour under small gauge invariance (and, of course, analyticity) much 
like the proof in the Abelian case. It is worth remarking here that, in a 
recent paper [|^] , it has been argued, using a generalization of the method of 



holomorphy due to Seiberg |23] , that in a Yang-Mills theory interacting with 
matter fields, without a tree level Chern-Simons term, there is no higher 
loop renormalization of the induced Chern-Simons coefficient. Our result, 
for the case with a tree level Chern-Simons term, is not covered by this 
analysis (as the authors of ref. specifically point out) and, in fact, this 
case is physically more meaningful since, without a tree level Chern-Simons 
term, a loop expansion of the theory may not exist because of severe infrared 
divergences. In such a case, general formal arguments may be invalidated by 
the infrared divergences of the perturbation theory. 
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6 Pure Chern-Simons theory: 



In this section, we will study in detail the pure Chern-Simons theory f24 



(otherwise also known as the e-theory @) in the infrared safe axial gauge 
and show that it is a free theory. The pure Chern-Simons theory can be 
obtained from the Lagrangian density in Eq. ([[]) (or (§)) by dropping the 
Yang-Mills term (namely, it is the theory in the m — > oo limit). It is well 
known that, in the Landau gauge, this theory is invariant under a vector 
supersymmetry P5| , in addition to the usual BRST symmetry of Eq. (|IBD. 
Namely, the Lagrangian density 

777 O 

C = - e ^ x A;(d u A a x + y ahc A h v A c x ) - F a (d^ a ) + d»c a (D^c a ) (61) 

is, of course, invariant under the BRST transformations of Eq. ([13]), but it 
is also invariant under the transformations, 

6A; = e^d x c a 

5c a = 

5c a = e^A a u 

5F a = e M (ZV a ) ( 62 ) 

Here e M is a constant vector parameter of the transformations and is anti- 
commuting in nature. Furthermore, the generators of these transformations 
satisfy a supersymmetry algebra, unlike the BRST charges which are nilpo- 
tent. 

Let us next show that this supersymmetry is not particular to the Landau 
gauge only. It is easy to see that there is a vector supersymmetry in the axial 
gauge as well. Thus, the Lagrangian density 

C = ^ e ^ x A;(d v A a x + 9 -f abc A b u Al) - F a (n»A«) - cV(D^c a ) (63) 



is invariant under the BRST transformations of Eq. flT3| ) as well as the 
transformations 



5AI = e^n x c a 
5c a = C 
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Sc a = -fA" 

In fact, it is quite easy to check that, in any linear, homogeneous infrared 
safe gauge, the theory develops an invar iance under a vector supersymmetry. 

Let us analyze the pure Chern-Simons theory in the axial gauge. In 
such there is the usual Ward identities following from the BRST 

invariance of Eq. (|T3|) . And, as we have noted earlier, the structure of the 
theory leads to the fact that, in the axial gauge, there is no wave function 
or vertex renormalization for the ghosts. Let us note now that the new 
vector supersymmetry will also lead to a Ward identity, further restricting 
the amplitudes. The master identity, following from the invariance of the 
theory under Eq. ( |6~3| ) takes the form (We note here that the derivation 
of this identity is much simpler than the usual Ward identities because the 
transformations in Eq. ( |5^ ) are, in fact, linear and, consequently, we do not 
need additional sources in the Lagrangian density.) 

I* x - Jk) d ^ + W5=y = o («) 

This, indeed, constrains the theory enormously. Combining with the facts 
that the F a A'J 1 vertex, the ghost two point vertex and the ghost interaction 
vertices are not renormalized, it immediately leads us to the result that 
the two point and the three point functions for the gauge fields are not 
renormalized either. For example, taking derivative of Eq. (j65|) with respect 
to s J? Sc b (index p, being summed) and setting all fields to zero, we obtain in 
momentum space 



A 



8 2 T . 5 2 T „ 5 2 T 



+ ^^ ~ 3 ^ ^73 -0 ( 66 ) 



5A a A-p)5A b v {p) ^ (1 5A a J-p)5F b {p) 5c a (-p)5c h {p) 



This immediately leads to Z m = 1. Similarly, taking one higher derivative, 
it is easy to show that the parity violating three point vertex function is not 
renormalized either. In other words, the pure Chern-Simons theory is a free 
theory. These conclusions are valid provided one regularizes the theory such 
that all symmetries, including the vector supersymmetry, are maintained. 
We would like to note here that such a conclusion was reached earlier from 



different points of view M, EO, \2j\, 28 1. In particular, in reference p6f, it was 



shown through a perturbative calculation in the pure Chern-Simons theory, 
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that the complete effective action in axial gauges is the three level action, 
for certain classes of gauge invariant regulators. Here we have derived this 
result from purely algebraic considerations. 

7 Conclusion: 

In this paper, we have studied in detail the question of higher order correc- 
tions to the Chern-Simons coefficient in a Yang-Mills-Chern-Simons theory. 
We have shown that the Chern-Simons coefficient is, in general, a gauge de- 
pendent quantity. However, it takes on a physical significance in the axial 
gauge. Using, i) the Ward identities of the theory and, ii) the analyticity 
of the amplitudes in the momentum variables, we have shown that, in the 
axial gauge, the Chern-Simons coefficient does not receive any quantum cor- 
rection beyond one loop. This allows us to deduce that the ratio in 
a non-Abelian theory, is not renormalized beyond one loop, in any infrared 
safe gauge. This, therefore, represents the generalization of the Coleman-Hill 
result to a non-Abelian theory. Various other interesting properties of the 
theory are also discussed. 

This work was supported in part by U.S. Dept. Energy Grant DE-FG 
02-91ER40685 as well as by CNPq, Brazil. 
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